& Exercise 1.2 5~

Q1. ind the itive invers h complex number.

a. —4 + 5i
Solution:  —4 + 5i .
- Let a + bi the additive inverse of --4 + 5i then by additive inverse rule:
(-4 + 5i) + (a + bi) = 0 + 0i
(—4+ a) + (5i + bi) = 0 + 0i

= (-4+a)+(5+b)i=0+0i
= —4+a=0and5+b=0
= a=4andb = -5
y a+ bi=4-5i
Hence, the additive pwverse of —4 + 5i is 4 — 5.
b. -3-3i

" Solution: -3 - 3i

Let a + bi the additive inverse of —3 — 31 then by additive inverse rule:
(-3-3i)+ (a+bi)=0+0i

(=3 +a)+ (—=3i+ bi)=0+0i

= (-3+a)+ (=3+b)i=0+0i
= —-34+a=0and-3+b=0
= a=3andb=3
a+ bi=3+3i
Hence, the additive inverse of —3 — 3i is 3 + 3.
C. 5-5i

Solution: 5—-5i
Leta + bi the additive inverse of 5 — 5i then by additive inverse rule:
(5—=5)+ (a+ bi) =0+ 0i
(5+a)+ (=5i+bi)=0+0i

=) B+a)+(—-5+b)i=0+0i
= 54a=0and-5+b=0
= a=-5andb=35
: a+ bi=-5+5i
Hence, the additive inverse of 5 — 5i is —5 + 5.
d. 4i
Solution:

Let a + bi the additive inverse of 4i then by additive inverse rule:
(0+4i)+(a+bi)=0+0i .
(0 +a) + (4i+ bi) =0+ 0i
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(@) + (4 + b)i = 0 + 0i
a=0and4+b=0

a=0andb = -4

a+ bi=0-4i=—4i

Hence, the additive inverse of 4i is —4i.

Q2. Show that each pair of complex numbers are multiplicative
inxm_e_o_f_gash.o_thgn -

RN

2+ 3i ..
a- ' + r 13 3{
Solution: = 2+ 3i, 13

: 2-3i

To show that the pair of complex numbers 2+ 3i and are
multiplicative inverses of each other, we need to multiply them together and
see if the result is equal to 1.

T 2-3i
Letz; =2 + 3iand $2,="13 - Then,

2-31 2 + 3i)(2 - 3iQ)
= s i; R

‘ We multiply the complex numbers in the numerator:

=  (2+30)(2-3i) =2(2) +2(=31) + 3t(2) + 3i(—3i) = 4 — 6i + 6i — 9i?
Since i? = —1, we have:

= 4-6i+6i—9(-1)=4+9=.13

So the expression (i) becomes: Zy:2Z;=

=  zy-2;=(2+3i) X

13
13'1

Since the product of the two complex numbers is 1, they are multiplicative
inverses of each other.

5+4i
41

Solution: 5—-4i,

b. 5—-4i,
5 + 41
41

To show that the pair of complex numbers 5—4i and are

multiplicative inverses of each other, we need to multiply them together and
see if the result is equal to 1.

letz, =5—-4iandz, =

S+4i _(5-4n(5+4i
= Z1-Z,=(5—-4i)- ii ) svaaatd)

We multiply the complex numbers in the numerator:

= (5—4i)(5+ 4i) = 5(5) + 5(4i) — 4i(5) — 4i(4i)
= 25 + 20i — 20i — 162
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C.

Since i2 = —1, we have: -

25 + 20i — 20i — 16(—1) = 25 + 16 = 41
41

So the expression (i) becomes: By By wET = 1

Since the product of the two complex numbers is 1 they are multiplicative
inverses of each other.

3 —-4i
8, —
6 +8i, 50

3-4i

Solution: 6+8i, —

Q3.

50
To show that the pair of complex numbers 6+ 8i and 5_0

multiplicative inverses of each other, we need to multiply them together and
see if the result is equal to 1.

are

Letzl=6+3iandzz=3so Then
_ _3-4!_(6-0-8!)(3-4!)
Zq Zz—(6+8i) 50 = 50 - .(i)

We multiply the complex numbers in the numerator:

(6 +8i)(3 —4i) =6(3)+ 6(—4i) +8i(3) + 8!(-—4!)
= 18 — 24i+ 24i — 32i?
Since i? = —1, we have:
18 —24i+ 24i—-32(-1)=18+32 =50
50
So the expression (i) becomes: /)y = o= 1

Since the product of the two complex numbers is 1, they are multiplicative
inverses of each other.

14+

Solution: 1+

Bdee a o |
The multiplicative inverse of a complex number z is >

1 ; '
The reciprocal of 1 + i is Y The complex conjugate of 1 + iis 1 — i.

1 " 1 xl—!'= 1-1
1+i 1+i 1-i (A+dDAa-=9
Since i? = —1, we have:
4 1= 1-f 1 1

= weee———— "7 e— - -

“@pR-2 1-¢-1) 2 2 2
.
Thus, the multiplicative inverse of 1 + iis 7 — > i

2
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>  Verification:

Now, we check the answer by multiplying it by the original number:

= a+p(3-5i)=1 1—1t)+i(1—11)

- g __z_l__ 1..1
- i i > i + i +
1 1
—E+;—l
Since the product is 1, the multiplicative inverse is correct.

b, 7-3t
Solution: 7 - 3i

ol o ; 1 :
The multiplicative inverse of a complex number z is = The reciprocal of

7-3iis 7_-3‘.The complex conjugate of 7 — 3iis 7 + 3i.
SEE A P

= T 7 31 7+3l (7-307 +3D

Since i .= —1, we have:

7431 7+31 - 7+31

T (M2-31)% 49-9i2 49-9(-1)

i TRl S Y

=%9+9 58 58 s8

Thus, the multiplicative inverse of 7 — 3i is % + i L.
» Verification:

Now, we check the answer by multiplying it by the original number:
= (7-30) -—-+-—-i) =7 —+—-1) 30 (—-+— )

R TR

58 58
_£+1_§_1
58 58 58

Since the product is 1, the multiplicative inverse is correct.

c. 10 - 12i
Solution: 10 - 12i

CURE aa s 1 ; .
The multiplicative inverse of a complex number z is o The reciprocal of

10 — 12i is

10-121" The complex conjugate of 10 = 12iis 10 + 12i.
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11 10+120 10 + 121

=  To-12i 10-12i ~10+121 (10 — 12)(10 + 12i)
Since i2 = —1, we have:
__10+12i _ 10+12i _ 10+12i 10+ 12i
T (10)2 — (120)2 ~ 100 - 144i2 100 - 144(-1) 100 + 144
_10+12i 10 12 _ S 3.
2t 248 T2ae' 122 Vit
Thus, the multiplicative inverse of 10 — 12i is % + -§- %
» Verification:

Now, we check the answer by multiplying it by the original number:

5
= (10 — 12i) ——+—i)—10(—+——:)—12: ——+-——1)

122 122 122 122 122
50 60 60 72 -50. 60
—j——i-——i= Al TR
122‘+.122 122 122 122 +122 122 *'122
50 72 122 A

122 ' 122 LD
~ Since the product is 1, the multiplicative inverse is correct.

2

d. " .
Solution: g

The multiplicative inverse of a complex number z is % .

) 2 . % 5-1i
The reciprocal of ot is I = .
5-1i

Now, we need to write this in the standard form a + bi.

g LGP
; 2 2 2 ’

Thus, the multiplicative i inverse of 3-2_— is - = -i

> Verification:

Now, we check the answer by multiplying it by the original number:
( 2 ) (5—1) _2(5-1) _
- 5—1 2.7 2(8-0

Since the product is 1, the multiplicative inverse is correct.

- -9
The final answer is i i.

studyplusplus.com



—i

2-3i ;
Solution: e )
The multiplicative inverse of a complex number z is <
-1 1 2-31
iprocal of i = 6
The recipro 2 -3¢ N =
2 -3i

To simplify this expression, we need to multiply both the numérator and the
denominator by the complex conjugate of the denominator. The complex
conjugate of —i is i.

2-3t_2-3t L _(2-301 2032 _ 20-3(-1)

=2i+3=3+2i

s RN e S T T
Thus, the multiplicative inverse of - 5 is 3+21L
» Verification:
Now, we check the answer by multiplying it by the original number:
—i VW3 +20)  -3i-21 _=3t-2(-1) 2-31
== (2—31 GO T 1 T T Y
Since the product is 1, the multiplicative inverse is correct.
f a — bi

Solution: a — bi

s S Nkor * L e
The multiplicative inverse of a complex number z is =

The reciprocal of a — bi is

a-bi’
The complex conjugate of a — bi is a + bi.
1 1 a + bi a + bi
= — X - ]
a—bi a-bi a+bi (a-bi)(a+ bi)
Using the difference of squares formula, (x — ¥)(x+¥) = x*— y?, we
have:
=  (a-— bi)(a+ bi) = a® — (bi)? = a? — b%i?
- Since i? = —1, we have: _
=  a? - b%i%? = a? — b?*(-1) = a?* + b?
- ‘
a+bi ~ a+bi = a+bi a + bi a b
- (@)% - (b1)2  a?-b%2  a?-b%(-1) a?+b2 a2+ b2 + a?+ b2
" _— . i - b v
Thus, the multiplicative inverse of a — bi is 7+ b2 + Z.pt b

> Verification:

Now, we check the answer by multiplying it by the original number:
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b

=

—

’

C

a b ¥ a b .
= (8—00) (a2+b2+a2+b2l)=a(a2+b2 +.a2+-b21)_
()
‘\az+b2 " aZ +p2
_a? ab ab . P, __at ab
il s i_a2+b2 = e i e e Lo
b -. b?
o L oy

_ b  a?+b®

"~ a? + b? +az+b2 " a? + b2 e

Since the product is 1, the multiplicative inverse is correct.

; a R
| The final answer is =3 e + = 1 b2 L

Q4. Fi f each complex number and its conj e.
a. 4
.Solution: 4

Identify the complex number:

The given complex number is 4. We can rewrite this as 4 + 0i, where the

real part is 4 and the imaginary part is 0.

Find the complex conjugate:

The complex conjugate of 4 + 0i is 4 — 0i, which is simply 4.

Multiply the complex number by its conjugate:

Multiply 4 by its conjugate 4.
= 4-4=16

11

Solution: 1-1i

Identify the complex number:

The given complex number is 1 —i. Here, the real part is 1 and the
imaginary part is —1. |

Find the complex conjugate:

The complex conjugate of 1 — i is 1 + i. We obtain this by changing the
sign of the imaginary part.

Multiply the complex number by its conjugate:

Multiply (1 — i) by its conjugate (1 + i).
A-DA+D=D)*-((D)*=1-i®

Since i = -1, we have:

1-(-1)=1+1=2

. «Th
Solution: 7i

Find the complex conjugate:
The complex conjugate of a complex number a + bi is a — bi.
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fl

We can rewrite 7i as 0 + 7i.

Therefore, the complex conjugate of 7i is 0 — 7i, which simplifies to —7i.
Multiply the complex number by its conjugate:

(70) - (=7i) = —49i? '

Simplify, remembering that i2 = —1:

—49i% = —49(-1) = 49

Therefore, the product of the complex number 7i and its conjugate is 49.

6—2i

Solution: 6 — 2i

Find the complex conjugate:

The complex conjugate of a complex number a + bi is a — bi.

Therefore, the complex conjugate of @ — bi is a + bi.

The complex conjugate of 6 — 2i is 6 + 2i.

Multiply the complex number by its conjugate:

(6 — 2i)(6 + 2i) = (6)% — (2i)® = 36 — 4i?

Simplify, remembering that iZ = —1:

=36-4(—1)=36+4=40 y

Therefore, the product of the complex number 6 — 2i and its conjugate is
40.

10 + 9i

Solution: 10 + 9i

Find the complex conjugate:
The complex conjugate of a complex number a + bi is a — bi.

Therefore, the complex conjugate of 10 +9i is 10 — 9i.
Multiply the complex number by its conjugate:

(10 + 9i)(10 — 9i) = (10)%? — (9i)% = 10 — 812

Simplify, remembering that i2 = —1:

=100 - 81(—1) = 100 + 81 = 181

Therefore, the product of the complex number 10 + 9i and its conjugate is
181.

-4 —11i

Solution: -4 - 11i

Find the complex conjugate:

The complex conjugate of a complex number a + bi is a = bi.

Therefore, the complex conjugate of —4 — 11iis —4 + 11i.

Multiply the complex nurmoer by its conjugate:

(-4 —110)(—4 + 1ii) = (—4)* - (11))* = 16 - 121¢?

Simplify, remembering that i = —11

=16 —-121(-1) = 16 + 121 = 137

Il;t'a;efore. the procuct of tha coriplex number —4 — 11 and its conjugate is
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Q5- Ifz1=1—Ziandzz=2+i:

a. Show that:
i T 5LR=5.2;

Solution: Z;. 2;=7;. Z;
— zl=1—2i and Zz=2+i

b Calculate z, - z,:
=> Z2y-22=1-2D2+)=12)+ 1) — 2i(2) — 2i(d)
=2+i—4i-2i

Sincei? = —1,wehave 2 +i—4i+2 =4 — 3i
Calculate z; - 23:

I In=4-N=44+31 ... (1)
Now calculate Z; and Z;.

Z;=1-2t1=1+2i

HZ=2+1=2-1

Calculate z; - Z3:

u.

Loy

=2—i+4i-2i*
Sincei? =—1,wehave2—i+4i+2=4+3i
Compare the results (1) and (2).
Wefoundthatz; - 2z; =4+ 3iandz; - Z; = 4 + 3i.
Therefore, Z; - Z; = Z; - Z; is verified.

. @)-I

2 Z2
Solution: (?-) = g
: 2 zZ2

= 2zy=1-2i and 2z, =2+

¥ 4
® Calculate = :
Z2
zy 1-21 2y 1-21 2-1i - -
D - e (2-t_(@a-202-9
zz 2+ zZz 241 2-1 (2+DE2-D
° Expanding the numerator:

= (1A-202-i):=1(2) + 1(-i) — 2i(2) — 2i(-0)
=2-i—4i+2i_2=2—5t—z = —5i

_u.

@+ 0@Z=0=1T)+ 2(=0) +i(2) + (-1
=4-2i+2i—-i2=4+1=5
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So, —=—=—i R &

@ Calculate (5—‘)
zZ2

-~ (-=-
Z2

© Calculate z7 and z3: !
= Z;=1-21=1+2i = H=2+t=2-1i
o Calculate 2L ;
Z2

Z; 1+2i 1+2i 2+t (A+202+10)
= S =5 b4 —

7 2-i 2—-1 2+t @-D@+1D)
° Expanding the numerator:

= (1422 +i) = 1(2) + 1(i) + 2i(2) + 2i@)
=24+i+4i+2i2=2+5i-2=5i
Expanding the denominator:
= (2=0)(2+i)=2(2)+2() - i(2)—- i)
=442i-2i-i*=4+1=5

5 .
=?=1 ......... (2)

So, A
Z2

Compare the results (1) and (2) .
We found that (::) =iand-= -z-; = {. Therefore, ( ) = =L s verified.

il |z4]l = |24 = |77] = |- 7]

Solution: zy=1-2i

Calculate |z4]:

1z = 11 -2i] = /12 + (-2)2 =Vi+4=V5

Calculate —z,:

-z =—(1-2i)=-1+2i

Calculate |—2z4]:

|-z = |- 1+2{|=J(~1)2+ 22 =VI+4=15

Calculate Z3:

Zr=1-21=14+2/

Calculate |Z|: . |

1Z7l = |1+ 2i|=V12+22=V/1+4=5

Caiculate —Z;:

-Z;=—1+2D)=-1-2i -

fegnymyegags
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) Calculate |-Z7|:

= |-ZZl=|=-1-2i|={/(-1)2+(-2)2=V1+4=+5
Compare the results. :
We found that |z4| = V5, |-24| = V5, |Z7| = V5 and |-Z7] = V5.
Therefore, |z4| = |—2z4| = |Z7| = |=Z7] is verified.

iv. 2z;.7;=|z)|?

Solution: z,=2+1

® Calculate z3:

= Z;=2+4+1=2-1i

® Calculate z; - z3:

= 2 Z;=Q+D2-)=212)+2(-)+i(2)+i(—i)

=4 —2i+2i-i?

Since i? = —~1,wehave4+1=35

® Calculate |z;|:

= |zl=12+i|=V22+12=Va+1=+5

o Calculate |z, |?:

= |z*=(5)?*=5
Compare the results.
We found that z, - Z = 5 and |z,|% = 5.
Therefore, z, - Z3 = |2;|? is verified.

b. FEind:

i |z4 + 2z,

Solution:

= z2y=1-2i and z, =2 +1i
First, let’s find the sum of z; and z,:

= Z1+Z;=(1-20+QR+D=A+2)+(-2i+D)=3—-i
The magnitude of a complex number a + bi is given by VaZ + b2,
Inthiscase,a =3 and b = —1.

=  |z1+2z|=3-i=32+(-1)2=V/9+1=V10
Thus, |24 + 25| = V10.

fi. IZI Zz'

Solution:

= 2Zy=1-2i and 2z, =2+
We can find the product z,z, first:

= L= 1-20(24 1) 1(2) + 1(i) - 2i(2) - 2i(d)

=2+i—4i-2i2=2-3i-2(-1)=2-3i+2
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Now we find the magnitude of 4 — 3i:

= |z12z;|=14-3i|=,/42+(-3)2=V/16+9=V25=5
Alternatively, we can find the magnitudes of z, and z, separately and then
multiply them.

=  [z]=]1-2i=/12+(-2)2=V1+4=+5

= |zl=12+i|=V22+12=V/24+1=+V5
Then, |z,23| = |z4]|22] = V5 - V5 = 5.

(T =

Solution:

=) zy=1-2i and 2, =2 +1i
We can find the quotient ?- first:

" _

zy 1-21 @A-20)(2-i) 2-i—4i+2i® 2-5i-2 -5i

== —_—— Sy = = = = —i
z 2+ @+D2-10 4-i2 4+1 > 5 _
Now we find the magnitude of —i:

= | =lil=yTFEDZ=VoFI=Vi=1
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Q6. r the numbers in th mplex plane.

a. -1-3i

Solution:
To represent the complex number —1 — 3i in the complex plane, we plot the
point with coordinates A(—1, —3). The x-coordinate is the real part, and the

y-coordinate is the ilmaginary part.

. 2+ 4i
Solution:
To represent the complex number 2 + 4i in the complex plane, we plot the

point with coordinates A(2,4). The x-coordinate is the real part, and the y-
coordinate is the imaginary part. '
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C. -3+ 2i

Solution:
Taq represent the complex number —3 + 2i in the complex plane, we plot the
point with coordinates A(—3, 2). The x-coordinate is the real part, and the
y-coordinate is the imaginary part.
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d. 2 —3i

Solution:
To represent the complex number 2 — 3i in the complex plane, we plot the
point with coordinates A(2,—3). The x-coordinate is the real part, and the
y-coordinate is the imaginary part.

e. 2i

Solution:
The complex number is 2i, which can be written as 0+ 2i.
To graph the complex number 2i in the complex plane, we plot the point
A(0, 2), where the x-axis represents the real part and the y-axis represents
the imaginary part.
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f. -3i

Solution:
The complex number is ~3i, which can be written as 0 — 3i.
To graph the complex number —3i in the complex plane, we plot the point

A(0,-3), where the x-axis represents the real part and the y-axis
represents the imaginary part.
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Solution:

Q7.

To represent the number 2 in the complex plane, we consider it as a -
complex number z = 2 + 0i. The complex plane has a real axis (horizontal)
and an imaginary axis (vertical). The complex number z = a+ bi is
represented by the point (a, b) in the complex plane. In our case, z = 2 +
0i, so a=2 and b = 0. The point representing this complex number is
A(2,0). This point lies on the real axis, 2 units away from the origin.

i | and imagi h compl m

(VZ - V3i)°

Solution: (V2 - \/§i)2

—

(VZ - V3i)* = (VZ - V3i)(VZ - V3i)

= (V2)(v2) + (vV2)(-V3i) + (-V3i)(v2) + (—V3i)(—V3i)
= 2 —6i —V6i + 3i*

=2 —-2V6i—3 =-1-2/6i

The complex number is now in the form a + bi, where a is the real part and
b is the imaginary part. -

In this case, a = =1 and b = —26.
Therefore, the real part is —1 and the imaginary part is —2v/6.
Real part = R, = —1 : Imaginary part = I,, = —2vV6
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VZ +i)

Solution:  (VZ + i)

(V2 + i)2 =(V2+i)(VZ +1i)

=)
= (V2)(vV2) + (V2)®) + (V2)(D) + (D ()
=2 +V2i+V2i+ i?
=2-1+2V2i . [« i?=-1]
=1+ 2v2i
- The complex number is now in the form.a + bi, where a is the real part and
b is the imaginary part.
In this case, a = 1 and b = 2+/2.
Therefore, the real part is —1 and the imaginary part is —2+/6.
Real part=R, = 1 ; Imaginary part = I,,, = 2v/2
(2 + 3i)?
e - 1-3i
Solution:
First, expand the numerator;
= (2+30)2=Q2+3)(2+31) =4+ 6i+6i+92
=4+12i-9=-5+12i
Now, we have:
-5+121
A=t
To rationalize the denominator, we multiply both  the numerator and
denominator by the conjugate of the denominator, which is 1 + 3i.
"y -5+12{ 1+3i (-5+120)(1 + 3i)

b4 —
1-31 T 1+3t (1-3D1+30)
_ =5-15i +12i+36i* _ —5— 151 + 12{ + 36i?

— — . l'- 2=_
1+3i-3i-9i2 1+3i-3i-9i2 ’ 1 1]

_-5-31-36 -41-31 41 3 .

S T T ek T

The complex number is now in the form a + bi, where a is the real part and
b is the imaginary part.

. 41 3
iscase, a = — — = o —
In th S lo.'smd_l:' T

. 41
Therefore, the real part is — > and the imaginary part is — -1%.
41 3

Real part= R, = — -5 ; Imaginary part = I, = — —
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d.

B2y

E .
Solution: [2 + : :]

E+20 =+ )62

=
-3 +6) G+ )() (F9(F9
R UL e T B
-—4+4i+ i_+4i .-.4—4+ 2 :, [+ % = -1]
2.V3, 1 V3,
s St A4
The complex number is now in the form a + bi, where a is the real part and
bisthei tmaglnary part.
1
Inthiscase,a= ——and b =§.
2 2
o 1 el . A3
Therefore, the real partis — z and the imaginary part is re
1 : V3
Real part = R, = — = 3 Imaginary part = 1I,, = ry
1-i
e ——(02
1-1i
Solution: 'a)—z'
We know that i? = —1, so we have:
1-1  1-{ ; e
=) O - -1 - [+ i*=-1]
Now, we can divide both the real and imaginary parts of the numerator by
-1. - |
1 i
= __—1 =E T -1+

The complex number is i\ow in the form a + bi, where a is the real part and
b is the imaginary part.

Inthis case,a=—-1and b = 1.
Therefore, the real part is —1 and the imaginary part is 1.
Real part = R, = —1 - Imaginary part = 1
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f. i(1-1)>2
- Solution: 1 D2
First, expand (1 — i)?:
= @@A-D*=A-DA-D=1-i—-i+i?
=1-2i—1=-2i ; [+ i&=-1]
Now, we have:
1 1 1 1
= W20 =22 -2(-1) 2
The complex number is now in the form a + bi, where a is the real part and
b is the imaginary part.
In this case, a = -zl-énd b=0.
Therefore, the real part is -;- and the imaginary part is 0.
Real part = R, = —;- - Imaginary part = 0
(1 + )2
g (1 - 2i)2 h
e e (1+10)
Solution: 1= 21)2
Expand the numerator and denominator: ,
= @A+ =14+2i+i¥=1+2i-1=2i ; [+ #=-1]
= (1-20%=1-4i+QR)’=1-4i+4®?=1-4i—-4=-3-4i
. @+p* 2
So, we have: 1-20% ~ —3-4i
To get rid of the.imaginary part in the denominator, multiply both the
numerator and denominator by the conjugate of —3 — 4i, which is —3 + 4i.
2i -3+41 _ 2i(-3 +4i) C
= B a3+4l (-3-4D(-3+4)
Simplify.
Numerator:
=  2i(—3+4i)=—-6i+8i*=—-6i—8=-8-6i
Denominator: ‘ .
= (-3-4i)(-3+4i)=(-3) - (4i))?*=9-16i>=9+16=25
e o -8 —6i
So, we have: = 25
Separate into real and imaginary parts:
-8-61 -8 -
= = ——

25 25 25
8

Real part = R, = — 25 3 Imaginary part = — %
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Q8. Taking any complex number and show that:

a. z.Z is a real number.

Solution: _
Let z = a + bi be any complex number, where a and b are real numbers.

Then the complex conjugate of z is Z = a — bi.
: Now, let's compute the produ:ct of z and Z.
= z-Z= (a+ bi)(a- bi) _
Using the difference of squares formula, we have:
= z-Z=a?- (bi)?=a®- b%i?
Since i? = —1, we get:
= z-Z=a*-b*-1)=a*+b?
Since a and b are real numbers, a? and b? are also real numbers.

Therefore, a? + b? is a real number. |
Thus, we have shown that the product of a complex number z and its

complex conjugate Zis areal number
= z-zZ=a*+b*
This is aiso equal to the square of the magmtude of z, i.e, |z|?> = a? + b2,

b. z%+ ()% is a real number.

Solution: .
Let z=a+ bi be a complex number, where a and b are real numbers.

Then the complex conjugate of z is Z = a — bi.
We want to show that z% + (2)% is a real number.
First, we compute z2.
=  z? = (a+ bi)? = a? + 2abi + (bi)* =.a*? + 2abi — b*
= (a® — b?) + 2abi
Next, we compute (Z)2.
=  (2)* = (a - bi)* = a%? - 2abi + (bi)? = a* — 2abi — b?
= (a? — b?) — 2abi
Now we add z2 and (2)2.
= (z)2 [(a? — b?) + 2abi] + [(a? — b?) — 2abi]
= (a — b?) + (a? — b?) + 2abi — 2abiz? + (2)? = 2(a? - b?)
Since a and b are real numbers, a? and b? are also real numbers.
Therefore, a? — b? is a real number, and 2(a? — b?) is also a real number. _
Thus, we have shown .t z2 + (2)? is a real number.

C (z — Z)? is a real number.

Solution:
Let z = a + bi be a complex number, wheare a and b are real numbers.

Then the complex conjugate of z is Z = a — bi.
\\& want to show that (z = Z)? is a real number.

First, we compute —Z.
= z—-Z=(a+bi)—(a-bi)= a+ bi—a+bi= 2bi
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Now, we compute (z — Z)2.
—  (z—2)? = (2bi)® = (2b)2i% = 4b2{?
Since i? = —1, we have:
=  (z-2)? = 4b*(—1) = —4b?
Since b is a real number, b? is also a real number.
' Therefore, —4b? is a real number.
Thus, we have shown that (z — Z)? is a real number.

d. |z| and |Z| are real numbers.

Solution: |
Let z = a + bi be a complex number, where a and b are real numbers.
Then the complex conjugate of z is Z = a — bi.
The magnitude of z, denoted by. |z|, is defined as: z = a + bi.

=  |z| =Va% +b? |
Since a and b are real numbers, a? and b? are also real numbers. The sum
of two real numbers is a real number, so a% + b? is a real number. The
square root of a non-negative real number is also a real number.
Therefore, |z| = VaZ + b? is a real number.
The magnitude of Z, denoted by |Z|, is defined as: Z = a — bi

=  |z| =a?+ (-b)? =VaZ + b? -
Since a and b are real numbers, a? and b? are also real numbers. The sum
of two real numbers is a real number, so a + b? is a real number. The
square root of a non-negative real number is also a real number.
Therefore, |Z] = Va? + b? is a real number.
Note that |z| = |Z|.
Thus, we have shown that |z| and |Z| are real numbers.

e. z%? — (2)% is an imaginary number.

Solution: _
Let z = a + bi be a complex number, where a and b are real numbers.
Then the complex conjugate of z is Z = a — bi.
We want to show that zZ — (Z)? is an imaginary number.
First, we compute zZ.

=  z? = (a+ bi)? = a® + 2abi + (bi)* = a® + 2abi — b?

= (a? — b?) + 2abi

Next, we compute (Z)2. | -

= (2= (a-bi)* = a’ — 2abi + (bi)’ = a® — 2abi - b’

= (a? — b?) — 2abi

Now, we subtract (Z)2 from z2.

z% — (2)? = [(a® - b?) + 2abi] — [(a® — b?) — 2abi]

2% — (2)? = (@ - b?) — (a® — b?) + 2abi — (—2abi)

z% — (2)* = a*? — b? — a* + b* + 2abi + 2abi = 4abi

bul
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The result is 4abi. This is an imaginary number because it is a real number
(4ab) multiplied by the imaginary unit i. If a = 0 or b = 0, then 4abi = 0
which is a real number. However, if a # 0 and b # 0, then 4abi is a purely
imaginary number. '

Thus, z2 — (Z)? is an imaginary number.

() zy=5+3i and 2z,=2-3i

Solution: .
Given: .
2z, =5+3i=(5,3) - Z;=2-3i=(2,-3)
First, let's find the sum z; + z,.

= Z1+2;=0B+3D+2-3D)=05B+2)+@Bi-3i)=7+0i=(7,0)
Next, let's find the difference z; — |

= 21 -2, =(54+3D)-2-3))=05-2)+[3i—(—3i)] =3 +6i

6 Graphical Representation:
Now, let's illustrate these operations graphically using vectors in the complex
plane. We will represent each complex number as a vector from the origin to
the point corresponding to the complex number.

=  zy =5+ 3iis represented by the vector from 0(0, 0) to A(5 3).

= 2z = 2 - 3iis represented by the vector from 0(0, 0) to B(2, —3).

= 23+ z; = 7 is represented by the vector from 0(0, 0) to C(7,0).

=

zq — 2z = 3 + 61 is represented by the vector.from 0(0, 0) to D(3, 6).

i~
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(iiy 2z;=-3+2i and 2z, =4+3i

Solution:

Given:

zZy=-3+2i ; z; =4+ 3i

First, let's find the sum z4 + z,.
2i+2,=(-34+20+@+3)=(-3+4)+R2i+3i)=1+5i

Next, let's find the difference z; — 7,

2y —2p=(-3+20)—(4+3i)= (—-3 4) + (2i—3i0) = —-7—1

Now, let's illustrate these operations graphically using vectors.in the complex

plane. We will represent each comnlex number as a vector from the origin to
the point corresponding to the complex number.

Zy = —3 + 2i is represented. by the vector from 0(0, 0) to A(-3, 2).

Z; = 4+ 3i is represented by the vector from 0(0, 0) to B(4, 3).

Zy + 2z, =1 4 5i is represented by the vector from 0(0, 0) to C(1, 5).

Zy — 2z = =7 — i is represented by the vector from 0(0, 0)-to D(—7,—1).

Jrel

C
(4
|

/'-:2;

I

A | 1-4
6

I

n Il

Q10. Represent product of complex numbers graphically.

() z;=4+2i and z,=-2+3i

Solution:
First, we need to calculate the product z; z, where zi=4+2i and
Zy) = -2 + 3i.
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1 41

Z12; = (4 + 2i)(—2 + 3i)

= 4(-2) + 4(3i) + 2i(—2) + 2i(3i) = -8 + 12i — 4i + 6i*
Since i2 = —1, we have:
212 =—8+8i—-6=-14+8i _
Now, we need to express z4, Z; and z; z; in polar form. The polar form of a
complex number z = a + bi is given by z = r(cos @ + i sin 0), where:

' b
r=vaZ+b? and 6 =tan™’ (;)
Forz, = 4 + 2i
ri=V42+22=J16+4=v20=2'5

. 2 1
- =l o] s =X § =] i o
6, = tan (4) = tan (2) 26.57
So, z; = 2v/5 (cos 27° + i sin 27°) (rounded to the nearest degree)
Forz, =-2+3i .
r;=J(-22+32=/2+9=v13
o _3_)
92 = tan (-2

Since the complex number is in the second quadrant, we add 180° to the
result.

0, = tan"1(-1.5) ~ —56.31°

So, 8; = —56.31° + 180° ~ 123.69°

So, z; =13 (cos 124° + i sin 124°) (rounded to the nearest degree)
For z,z, = —14 + 8i

r3 =/(—14)% + 82 = V196 + 64 = V260 = 2v65

8
: - o O (8.
63 tan ) (_14

Since the complex number is in the second quadrant, we add 180° to the
result. '

:
@; = tan™! (— ;) ~ —29, 74°__

'So, 83 = —29.74° + 180° ~ 150.26°

So, 24 z; = 2V65 (cos 150° + i sin 150°) (rounded to nearest degree)

Therefore,
z; = 2V5 (cos 27° + i sin 27°)

Zy = V13 (cos 124° + i sin 124°)

212, = 2v/65 (cos 150° + i sin 150°)
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o Graphical Representation:
Now, let's represent these complex numbers graphically.
; A
7
Z3(-14 ,8)
l5
Z>(-2,3)%
I ’ ¢z (4,2)
< >
- "5 +110 5 1€
-5
vy
= z21=4+2i=4,2); 2=-2+31(-2,3)
= 23=2,2;=-14+8i=(-14,8)
(i) 2z,=-2+4i and 2z, =3 -1
Solution: |
First, we need to calculate the product z; z, where z; = —2 + 4{ and
Zz =31
= Z1Zy=(—2+40)(3 1)
= —~2(3) — 2(—i) + 4i(3) + 4:( i) = —6 + 2 + 12i — 442
Since i = —1, we have:
=  Zy2;=—-6+14l+4=-2+14i
Now, we need to express zy, 3, and z1Z, in polar form. The polar form of a
complex number z = a + bi is given by z = r(cos @ + isin @), where:
b
= r=vVaz+b? and 0= tan~1 (;)
» Forz, = -2+ 4i
o 1r=(-22+42=V4+16=V20=2V5
4
) 0, = tan™! (:;) = tan~! (-2)
Since the complex number is in the second quadrant, we add 180° to the
result.
= 0y ~—63.43°+ 180° ~ 116.57°
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So, zy = 2v/5 (cos 117° + i sin 117°) (rounded to the nearest degree)
Forz;, =3 -1 '
r =432+ (-1)2=v9+1=+/10

6, = tan1 ("?1) ~ —18.43°

Since the complex number is in the fourth quadrant, we can also express
this as 360° — 18.43° ~ 341.57°.
So, z; = V10 (cos 342° + i sin 342°) (rounded to the nearest degree)

Forzqz, = -2+ 14i
r3 =+(=2)2 + 142 = V4 + 196 = V200 = 10v2

8y =tan! (22) = tan"? (-7)

Since the complex number is in the second quadrant, we add 180° to the

result.
6; ~ —81.87° + 180° =~ 98.13°

So, z; z; = 10V2 (cos 98° + i sin 98°) (rounded to the nearest degree)

Therefore,

zy = 2v/5 (cos 117° + i sin 117°)
z, = V10 (cos 342° + i sin 342°)
242z, = 10V/2 (cos 98° + i sin 98°)
Graphical Representation:

Now, let’s represent these complex numbers graphically.

(33
10
Zy (-2 ,4 3
* -1 51110 5 1 4
r4 (3 1'1)
1
5
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= z,=-2+4i=(-2,4); z,=3-i(3,-1)
= 2Z3=21Z;=-2+14i=(-2,14)

Q11. Represent z, + z, graphically when:

(i) zy=6—4i and 2z; =3
Solution:

We are asked to represent :—1 graphically when z; = 6 — 4i and z; = 3.
2
First, we comput
Zz
zy 6-4i 6

= zz—-—--g—-=-§——-l—2—-t

4
To represent this complex number graphically, we plot the point (2, - -3;-) on

- the complex plane, where the x — axis represents the real part and the
y —axis represents _the imaginary part.

Y 15T T3>

n (2,-1.33)

(ii) zy=—-4-6iandz;=1+i
Solution:
g _
We are asked to represent ;i graphicallywhen z; = -4 - 6i &z, = 1 +i.
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First, we compute 2 :

22
2y _—4-61
Z2 T ek
To divide complex numbers, we multiply the numerator and denominator by
the conjugate of the denominator:

-4-60 _ (—4-6)(1—1) —4+4i-6i+6i

1+i A+dA-0 1-i2
~4-2{-6 -10-2i .
= = =-=5-—-1i
1-(-1) 2

To represent this complex number graphically, we plot the point (=5, —1) oh
the complex plane, where the x — axis represents the real part and the
y —axis represents the imaginary part.

N\ \/ 7 @, ./
0’0 % %® 9%° %°*
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